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Quick recap

So far we reviewed:
« Vectors, matrices
+ Operations on vectors and matrices: scalar multiplication, addition, dot
product, matrix multiplication
oM /

+ Lincarity and linear combinations.
« Solving systems of linear equations, elimination

Winter Semester 2025/2026  Finding matrix nverse
« Linear regression
« Eigenvalues and eigenvectors

Today’s plan

« Singular value decomposition
« Pseudo inverse

Orthogonal matrices
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Singular Value Decomposition

+ Singular value decomposition (SVD) of an n  m matrix X is

Singular Value Decomposition
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Singular value decomposition and X'X Singular value decomposition and XX'
+ AssumeX = UEVT
+ Assume X = UEV' g TusvTyT
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+ Columns of U are eigenvectors of XX™
+ Columns of V are eigenvectors of X'X ‘Columns of i are efgenvectors of XX .
+ Valuesin the diagonal matrix Z7 are the eigenvalues of XTX *+ Values in thediagonal matrix E* are the eigenvalues of XX
+ XTX and XXT share the eigenvalues
Computing SVD Low rank estimation of a matrix
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SVD: properties and applications

« Singular values are related to matrix norms
SVD has a wide range of applications from image compression to document
indexing to semantics of the words

reduction

- A lage number ofstaistical methods alsorely on SVD (e g, PCA, we will
discuss later)

. The depend:
on singular values

+ SVD can be computed with good numerical accuracy, as a result it is also used
for computing other quantities (e.g., matrix inverse)

Left and right inverses

+ For a non-square matrix, o a square matrix with rank lower than n, the
inverse is not defined
« From linear regression, we know that (X"X)~'X" acts as a lft moerse.
« Similarly we can define right icerse as X" (XXT)~
X"

X! Xtobe

. ber
independent
+ A more general solution falls out of SVD




Computing pseudo inverse Summary / next

+ We want matrix multiplication to get as close to I as possible. Consider the

3% 4 diagonal matrix
+ We reviewed SVD and pseudo inverse

o O lob oo o= o0 the course
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o o o OO0 o000 Next

+ A very short introduction to calculus
« Forann x n diagonal matrix £, £+ = £~ the S DS
« Forany invertible n » n matrix X, X* =X~

« In general, if we use singular value decomposition X = VE-U

Further reading

Any of the linear algebra references provided earlier.



https://www.youtube.com/watch?v=JEYLfIVvR9I
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